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Outline of the presentation and Remarks

@ Motivation and Overview (PY)
@ Gradient Flow (G.F.) (HG)

© Convergence theorem (PY)

© Examples (HG & PY)

@ Conclusion (HG)

0 Q& A (HG & PY)

Remark: we inherit all numbering of results from the paper. Many
of the analytical results and precise assumptions, unless necessary,
are omitted due to the time constraint. One could further engage
with those by reading the particular parts of the paper.

Requests to clarify the notations are welcomed.
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®(0) = o0 - )

where 0, 2z € R%, and activation function ¢ : R — R.
Then we have a parameterised set {®(0)}pco C F
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Training example: Consider [ : R x R — R to be squared or logistic
loss, we may have the expected risk Vf € F,

R(f) = / 1(f(2), 9)dp(z,y)
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Consider a minimisation problem over the set of non-negative finite
measures on a domain 2 C R?, denoted M ().

F*= min F
HEM1 () )

where F' is defined as

F(u) =R </<I>du) +'/v(zu

The first term is the usual smooth and convex loss function and the
second term is the convex regulariser.

» Rigorous definition as per Normed Space
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Particle gradient flow

u € Q™ of positions for m particles,

Fr(u) = mt Z ug) | +m Z‘ w;

i€[m] i€[m]

With the sub-differential of Fj,(u) 1, we define the particle
gradient flow as an absolutely continuous path u : [0, +00) — Q™
s.t.

u'(t) € —mOF,,(u(t)) Vt >0 a.s.

We then construct

Hon(t) = Hm,t *= m~ Z Ouy(t)

1€[m]

where ¢ is a Dirac mass.
Yo f(u) := {p|f(u) > f(uo) +p- (u—uo) + Ou —uo)}
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Overview

@ Section 2:
e Proposition 2.3: what is u/(¢) and particularly how it relates to
P(u)
e Theorem 2.6: what is the behaviour of p,, as m — oco?
@ Section 3:
o Theorem 3.3 / 3.5: is it the case that F'(uy, ) — F™* as
m,t — oo 7

@ Section 4: example on Neural networks
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Assumptions

o I is a separable Hilbert space,  C R? is the closure of a
convex open set, and

@ (smooth loss) R : F — Ry is differentiable, with a differential
dR that is Lipschitz on bounded sets and bounded on sublevel
sets,

o (basic regularity) ® : Q — F is (Fréchet) differentiable,
V : Q — R, is semiconvex, and
@ (locally Lipschitz derivatives with sublinear growth) there
exists a family (Q;),~, of nested nonempty closed convex
subsets of €2 such that:
o (a) {ue Qdist (u, Q) <r'} C Qpiy forall r,r" >0
o (b) ® and V are bounded and d® is Lipschitz on each @,., and
o (c) there exists Cq,Cy > 0 such that
sup,cq, ([[d@y| + [0V (uw)|) < C1 + Car for all r > 0 where
|0V (w)]|| stands for the maximal norm of an element in OV (u)
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Existence and uniqueness of particle gradient flow

To each F, and initial position vector u(0) there exists a unique
particle gradient flow. Further, one can describe the rate of
improvement of loss and the velocity of each particle under the
gradient flow.

For any initialisation «(0) there exists a unique particle gradient
flow u : R — Q™ for F,,,. Moreover, for almost every ¢t > 0 it holds
that:

o EFn(u(s))|,_, =~/ @)

o uj(t) = ve(ui(t))
Where for u € Q and fips := =31 Ouy (1)
ve(u) = By (u) — projoy () (v¢(u)), with

op(u) = — [(R' ([ ©dpim,) ’8j(1)(u)>];.l:1

When V is differentiable, we have vy(u) = 04(u) — VV
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Existence and uniqueness of particle gradient flow

As the sum of a continuously differentiable and a semiconvex
function, F), is locally semiconvex and the existence of a unique
gradient flow on a maximal interval [0, 7] with the claimed
properties is standard. Now, a general property of gradient flows is
that for a.e t € Ry, u € Q, the derivative is (minus) the
subgradient of minimal norm. This leads to the explicit formula
involving the velocity field with pointwise minimal norm:

vp(u) = arg min { |v|*; % (u) — v € OV (u) }
0¢(u) — arg min {\ﬁt(u) — 2z € 8V(u)}

(0 (w)) -

= |id — projyy (u)
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Wasserstein metric

The 2-Wasserstein distance between two probability measures
p,v € P (RY) is defined as

) = ([l =it

Where the infimum is taken over all v having marginals p and v.

v
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Wasserstein gradient flow - motivation

Eventually we would like to take a "many particle limit" of a
particle gradient flow. This would mean generalising the particle
gradient flow to arbitrary measure-valued initialisations, not just
atomic ones. To do this we introduce the Wasserstein gradient
flow. What properties should it satisfy?

@ The evolution of a time-dependent measure (1) under
instantaneous velocity fields (v;) satisfies the continuity

equation Oy = —div(vifag).
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Wasserstein gradient flow - motivation

@ The differential of F' evaluated at u € M(S) is represented by
the function F'(u) : Q — R defined as

P = (7 ([ #an) 20) + v

Thus v, (as defined before) is simply a field of (minus)
subgradients of F” (gy,.). We write this relation

vy € —OF' (ptm,¢) . The set OF" is called the Wasserstein
subdifferential of F', as it can be interpreted as the
subdifferential of F' relative to the Wasserstein metric on
P2(9).
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Wasserstein gradient flow - definition

A Wasserstein gradient flow for the functional F' on a time
interval [0, 77 is an absolutely continuous path (it)cjo 77 in P2(2)

that satisfies, distributionally on [0,7 ] x4
Oy = —div (vgpy)  where v, € —OF () -

F'(p)(u) := (R ([ ®du) , ®(u)) + V(u) can be interpreted as the
subdlfferentlal of F relative to the Wasserstein metric on P2(€2).
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Wassersteln gradient flow - Existence and uniqueness

If 1o € P2(2) is concentrated on a set Q,, C €2, then there exists a
unique Wasserstein gradient flow (u),~ for F' starting from p.
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Wasserstein gradient flow as a limit

This is a proper generalization of the gradient flow for an atomic
measure since, whenever (u(t)):>o is a particle gradient flow for
Fp, then t — pi, 4 = % >y Oy, () is @ Wasserstein gradient flow
for I

Many-particle limit

Consider (t + 1y, (t)),,cn @ sequence of classical gradient flows for
F,, initialized in a set Q,, C Q. If 1,0 converges to some

po € P2(€) in the Wasserstein distance Wy, then (pim.t),
converges, as m — oo, to the unique Wasserstein gradient flow of
F starting from pg.
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Aim

Let the domain be Q = R?, d > 2 with smoothness,
sphere-separability of the support of G.F. and regularity of F’
assumed.
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A key Lemma

Point: to clarify what we want to achieve, i.e. the limit

lim F(pme) = F* (1)

m,t—00

and to outline a step further.

Lemma C.15

Let (u¢) be a G.F. which initialisation is on a set Qo C €2, convex
and closed such that F'(p;) — F*. If (o,m)m is a sequence of
measures concentrated on a set Q¢ that converges to pg in Wa,
then

lim lm F(pme) =F* = lim lm F(um,z)

t—00 Mm—00 m—00 t—00




Section 3: Global minimiser
00@00000

Proof

F' is continuous for W5 \

Fun fact by construction

t — F(fm,z) is decreasing

@ First equation follows from A.1 directly.

@ Second equation can be proved by a two-way sandwich. To
demonstrate on the whiteboard.
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Definitions and constructions

< Back to the first Lemma

Definition (Norm and Weak convergence)
We work with (M (Q),|| - ||s) where?

lellaz = sup / ey

¢E€Bs(0,1)

tn — € M(Q) if V¢ : R? — R who's continuous and bounded,

/ Pdpn, — / Pdp

2% : R? — R and some Lipschitz conditions are ignored here
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Way towards the remaining proof

Construct an operator h : M, (Q) — M, (S 1) which,
Vo : Si-1 4 R, 2

$O)an(u)0) = [ [uPo(duw

Sd—1

Theorem C.16

If h(us) — v € ST, then v is the global minimiser and

lim F(u) = F*

t—o0

%Convention is in place for ¢(2) =0
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Some key results to use

If h(uy) — v € S, then F'(v) vanishes v — a.e.

Proposition 3.1

w € M, (2) minimises F if and only if
F'(u) >0and F'(p)(u) =0 YueQ pu—ae.

Comment about what's being left in the proof.
Now we prove by contradiction that F'(v) > 0
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Proof by contradiction

Proposition C.1

w€ Mi(Q)st. F'(u) <0. Then 3e > 0, A C Q s.t.

o IF G.F. () satisfies h(u,) € Bpr(h(p),e) with gy, (4) >0
for some t; > 0

e THEN 3ty > ¢4 s.t. h(th) §Lf BBL(h(M),E)

Obtain ¢, A as above. Then by h(u:) — v we can find T s.t.
h(p:) € Bpr(v,e)Vt > T. But by above we have 3 ¢/ > T s.t.
h(p) ¢ Bpr(v,e). Therefore contradiction. O

3The requirement on the set A can be checked using C.10 and a complete
statement of C.1.
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Section 4.2: Neural Networks

o Sigmoid activation o(s) = (1 + e~*)~! and regularisation
@ Relu activation o(s) = max{0, s}, and regularisation
V(w,0) = |wl- 0]
o Further variations: ®(0) = o(s(0) - =) where s(6;) = 6;|6;]| ,
and V(0) = |0]?

Proposition 4.2 & 4.3

In any of the three settings, if the Wasserstien G.F. of F' converges
in W5 to fieo, then pioo is a global minimiser of F'.

Animation: https://1lchizat.github.io/PGF.html


https://lchizat.github.io/PGF.html
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Figure 3: Comparison of particle-complexity for particle gradient flow and convex minimization on a
fixed grid: excess loss at convergence vs. number of particles. Simplest minimizer has m particles.
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Summary

@ Introduce the particle gradient flow and study the
many-particle limit (a Wasserstein gradient flow).

@ Under suitable assumptions, if the Wasserstein gradient flow
converges then it converges to a global minimiser of F'.

© Apply the results to training a neural network with a single
hidden layer and ReLU activation function.

@ Numerical results show that the asymptotic behaviour of the
particle gradient flow can be seen at fairly small m.
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